
 

Grouptheory
gthcles.SICoset
let G be a group and H a subgroup Wedefined
an equiv rel m E by setting

an b abt c It ca bEG

Def The equivalence classes torn are called the

rightwset of it and are denoted by Hai
Ha x EG X Na xath to

X EG n
x a e H some HEH

X EG X ha for some HEH
Dmd The following are equivalent for a beat

C Hae Hb ab't H
2 Ha E Hb 95 bait H Hb e Ha
3 at Hb CA b e Ha

F run discussion last the we have

G.tlHaTG disjoint union
of distinct equivclasses 1 0

Reverb When G is written additively we write
Cosets as Hta

We will define similarly leftest a H
or at H

when G is commutative Cor abelian Ha aH
or at H Hta

In general though the lefts right coset aredifferent



H
Examples

216 1 as as 47,5347,57 finite abeliangroup
Ca H Ed Eh E3 EG
coats

e.ie uiEIEEs.EEiEiItIEh
E E E

Ed ET
ab k Eos EhE4B ten e G

Remade The costsof It are we
Atk TIED

Subgroups of G Ceacept for Hibeef which
is the cosetofthe identity

0 32 32 312
2 G Z 14 321 coset tf332 3nA NEZ

3nt2 MEE

FIEFi833scgE3375773HS337 33 Zg EH IT ED ED

51H C53t7
4 G Q El Ei Ij Ik the quaternion

E oforder8
G is a subsetof Itt the unit quaternions

multiplication rules i 2 j
2 62 1

Gives wet table id k Ikari ki e j

I t i ti j j k k
t i ti i j j k k
i i l i k k j j
r i l l l l
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subgroups H Et B T Qe
K Eti t.is Ttil

III4ITt k jk I ite k

tBGhaubmuptfe.scDefine anoter quarrel on 9 by setting
A r b a b c It If you need to hisNymph

the two equiv rels you

Equiv classes are the left
MY wit ne vs Nn
s

a H KEG xn al f G X ah
for someHEH

Asbefore b aH b Hea H beak a belt etc

Def The number of left sets equals the number
of rightosetsof It and is denoted by

IEGiHI folisihhd letygggsetsof.tt E I
and is called the index of Hin Git is either finite or infinite

Exampylesi G Z He 2 5433 Ea HI 4
costs are H ITH RAH AHH

2 G 3 H o

costs mt H gn for all ne z
EGHIN



I Lagrangelstheorem
Brief history First stated in a runaboutway in a

particular case with no proof by
Lagrange in 1771

Proved in particular cases by Gauss Gazi
and Cauchy CG su

Proved in general by Jordan in 1861

Lemme All costs of a group are in bijection
to each other or equivalently

Given EG and a EG there is a bijection
Itta Ha
ha ha

and similarly a bijection da H aH h ah

Pet
Hbf

nfg.ie
f.Haasaihdie4I.hf

sachHachEhhEfa
Sasurjective let Hae Ha Then
conto ha Sach
Sa is a bijection

Alternatively Sa H Ha has inverse eat Ha It
sat ha h

theorem Lagrange Leta be a finitegroup
and H a subgroup Then the order of It
divides the order of G

llftll.la
orderofH orderofG

divides

Proofa We know



al Gi Ha Eby
a EGG

G H Ha for alla Cbg lemma
bijection

so now conut

IGI Z'Hal E ZHI IHI EGHIa Eissettit distinct U
ofa nifty definition ofindex

QED
Remarks

in the proof we used night coset Ha Same
proof workswith leftcoset att
The proofalso shows

EGHI I Cutoff.IE hEthe
right idea

3 The converse to Lagrange's theorem isfalse

Itf she Yffffennethearsgroupy
Smallestsuch example is G A4 the alternating

KEG set Htt gmg.EE

Nevertheless the converse is time for gold
groups

Example If 1Gt _30 what are the possible
orders of subgroups of G
Answer I 2 3,5 6 10 15 30

Corollary The order of any group element
in a finite group 67 divides the order ofthegroup
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0Ca HaE

Proof Recall oca sa 1

By Lagrange I said I 1Gt So done By

Questing What are the possible orders ofelements
in 21g

Answers 214 47,523,147,557,173,183 17,8 1 6
Ceca

By Lagrange Oca C I 2,3 63 faEZgX
IT In Miss

check E5 a 253 17 since 25 92 7
55755753 7.57 1357458 _ED
5 6 4

772 149 547 since 49 9.5 4
28177 Smee 28 9.3 1


